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Abstract

This documenis atutorial on how to getstartedwith the polyhedronstructureprovidedby CGAL, the
ComputationalGeometryAlgorithm Library. Assumingthe readerto be familiar with the C++ template
mechanismandthekey conceptf the STL (Standardrlemplatelibrary), we rst demon?)t@tewo differ-
entapproachefor implementingneshsubdvision schemesEuler opeiatorsis appliedfor = 3 subdvision
andthe modi er callbadk medanismis appliedfor the Quad-Tiangle subdvision. Both approachesare
basedon the build-in functionalitiesof the CGAL polyhedron.We thenintroducea combinatorysubdivi-
sionlibrary (CSL) with increasingevel of sophisticatiorandabstraction CSL offersa corvenientway to
designusercustomizedsubdvision schemeghroughthe de nition of rule templates.Catmull-Clarkand
Doo-Sabirschemesreusedto demonstratéhe designandimplementatiorof CSL. Two companiorappli-
cationshasedn OpenGL,onedevelopedwith Windows MFC, andthe otherdevelopedwith Qt, shavcase
the subdvision schemedistedabore, aswell asseveral functionalitiesfor interactionandvisualization.

Keywords: CGAL library, tutorial, halfedgedatastructure,polyhedronstructure,subdvision surfaces,

quad-triangle, 3, Loop, Doo-SabinCatmull-Clark,OpenGL.

1 Introduction

Polyhedrondatastructureshasedon the conceptof halfedgeshave beenvery successfufor the designof
generahlgorithmson meshesCommonpracticeis to developsuchdatastructurdrom scratchsinceclearly
a rst implementationis at the level of a studentshomevork assignmentBut then, thesedatastructures
consistalmostentirely of pointersfor all sort of incidenceinformations. Maintaining them consistently
during meshoperationss not anymorea trivial linked-list updateoperation. So, moving from a students
exerciseto a reliable researchimplementationjncluding maintainingand optimizing it, is a respectable
softwaretask.

Whatis commonpracticefor simple datastructuressuchaslinked lists, shouldbe commonpractice
even more so for meshdatastructuresnamely to usea good, e xible, andefcient library implementa-
tion. In C++ the Standad TemplateLibrary, STL, is anexcellentaddresgor our analogexampleof the
linkedlists [Aus99, andwe arguethatthe Polyhedrordatastructurein CGAL is sucha e xible meshdata
structurgKet99, andit comeswith arich andversatileinfrastructurdor meshalgorithms.CGaL, theCom-
putationalGeometnyAlgorithmsLibrary, is a C++ library availablefrom www.cgal.org  [FGK" 00].

We strongly believe that this tutorial with its wealth of informationwill give a headstartto new re-
searchesaind implementation®f meshalgorithms. We also believe thatit will raisethe quality of im-
plementations Firstly, it encourageshe useof well testedand over time maturedimplementationse.g.,
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Quadtriangle subdivision [ component [L49153 vertices [166400 facets (315552 edges [1boundary [genus® 4

Figurel—ThepolyhedonviewerrunningonWndows.A coarsepolygonmeshs subdivided
usingthe Quad-Tiangle subdivisionscheme

CGAL::Polyhedron _3 in its currentdesignwas publicly releasedn 1999 and usedsincethen. Sec-
ondly, it documentgoodimplementatiorchoicesg.g.,theexampleprogramsanbeusedasstartingpoints
for evolutionarysoftwaredevelopment.Thirdly, it offerseasyaccesso additionalfunctionality, suchasthe
ef cient selfintersectiortest,thatotherwisecouldbe expandablén aresearclprototype.

Thetutorial is organizedaroundsubdvision surfacesin a polyhedronviewer. The polyhedronviewer
(Figurel) demonstratethe basicfunctionalitiesof the CGAL::Polyhedron  _3 andsomeextendedunc-
tionalitiessuchas le 1/0, meshsuperimpositionandtrackballmanipuIation.Se/er|§I§ubdi/ision surfaces
aresupportedn thepolyhedrorviewer, includingCatmull-Clark,Loop, Doo-Sabin, 3 andQuad-Tiangle
subdvisions. Thetutorial shovs how to implementsubdvision surfacesin two differentnﬁghanismpro-
videdby CGAL::Polyhedron _3: Euler opermators andmodi er callbadk medanism A~ 3 subdvision
implementationis designedbasedon the Euler operatorsand a Quad-Tiangle subdvision implementa-
tion is designedbasedon overloadingthe modi er. Extendedfrom the previous design,a combinatorial
subdivisionlibrary (CSL) is then proposedwith increasedsophisticatiorand abstraction. CSL abstracts
the geometryoperationsrom the re nements. Subdvisionsin CSL arebuild from re nementhostwith
atemplategeometrypolicy. Severalfundamentalte nementschemesre provided within CSL. They are
instantiatedvith ageometrypolicy thatcanbe userde ned.

Thegoalof thistutorialis to shov how to useCGAL::Polyhedron 3 onbasicgraphicsfunctionali-
ties,suchasrenderingandinteractve trackballmanipulationand how to designandimplementalgorithms
aroundmeshes.Sinceconnectvity and geometryoperationsare the primal implementationcomponents
in meshalgorithms,subdvisionsarechoserto demonstratéoth operationson CGAL::Polyhedron 3.



Hence readerglesigningandimplementingmeshalgorithmsotherthansubdvisionswill alsobene t from
thetutorial.

Intended Audience

Theintendedaudienceof thetutorial areresearchersjevelopersor studentslevelopingalgorithmsaround
polyhedronmeshes.Knowledgeof the halfedgedatastructureand subdvisions are prerequisites.Short
introductionsof thesetwo topicsaregivenin thetutorial. The tutorial assume$amiliarity with the C++
templatemechanisnandthekey conceptof genericprogramming Aus99.

2 Background and Prerequisite

2.1 CGAL Polyhedron

CGAL Polyhedror{CGAL::Polyhedron _3) isrealizedasacontainerclassthatmanagegeometnjtems
suchas vertices, halfedges and facetswith their incidences. CGAL::Polyhedron 3 haschosenthe

halfedgedatastructureasthe underlyingconnectvity structure In thehalfedgedatastructure a halfedges

associatedvith afacetandstoresthe adjaceng pointersto it previous, next andoppositehalfedge(Figure
2). Thedetailsof the halfedgedatastructureandthe CGAL::Polyhedron _3 basedonit aredescribed
in [Ket99.
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Figure2 — Onehalfedg andits incidentprimitives. Thenext halfedgg, theoppositenalfedg,
andtheincidentvertex are mandatorytheremainingelementsre optional.

Whatarethe potentialobstaclesn usingCGAL andCGAL::Polyhedron  _3?

1. Is it fastenough? Yes. CGAL, comingfrom the eld of ComputationalGeometry might have a
reputationof usingslow exact arithmeticto be on the safeside, but nonethelesswe know where
to apply the right techniquesf exact arithmeticto gain robustnessandyet not to looseef ciency.
In addition, CGAL usesgeneric programmingand compile-timepolymorphisnto realize e xibility
without affectingoptimalruntime.

2. Is it smallenough?Yes. CGAL::Polyhedron _3 canbe tailoredto storeexactly the required
incidencesandotherrequireddata,not moreandnotless.

3. Is it exible enough? Yes, certainly within its designspaceof oriented2-manifold mesheswith
boundanthatwassufcient for therangeof applicationsllustratedwith our exampleprograms.

4. |s it easyenoughto use? Yes. The full tutorial with its example programsare exactly the starting
pointfor usingCGAL::Polyhedron _3. The exampleprogramsareshortandeasyto understand.
Thereis certainlya learningcurve for masteringC++ to thelevel of usingtemplatesbut it hasto be
emphasizedhatusingtemplatesds far easiethendevelopingtemplateccode.
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Figure 3 — Examplesof re®nementschemes: primal quadrilateial quadrisectiorlgFiQQ),
primal triangle quadrisection(PTQ), dual quadrilateral quadrisectionDQQ) and " 3 tri-
angulation.Thecontmol meshesre shownin the®rstrow,

5. Whatis thelicense canl useit? Yes,we hopeso. CGAL sincerelease3.0 andour tutorial programs
have opensourcdicenses Otheroptionsareavailable.

2.2 Subdivision Surfaces

A subdvisionalgorithmrecursvely appliesre nementandgeometrysmoothingonthecontrolmesh(Figure
5, 7), andapproximateshe limit surfaceof the control mesh. Severalre nementschemesn practiceare
illustratedin Figure3. The stencilsof the geometrysmoothingare dependingon the re nementschemes,
i.e.thereparameterizationg\ stencilde nesa controlsubmesthihatis associateavith normalizedweights
of thenodes.Figure4 demonstratethe stencilsof the PQQschemén Catmull-CIarksu%dilision [CC79
andDQQ schemeén Doo-Sabinsubdiision [DS7d. We alsodemonstratéoop[Loo94, 3 [Kob0( and
Quad-Tiangle[SLO3J subdvisionsin this tutorial. For further detailsaboutsubdvisions,readersshould
referto [WWO02] and[ZS0Q.

3 Polyhedron Viewer

This tutorial implementsan interactive basicpolyhedronviewer basedon the CGAL::Polyhedron 3
with the default con guration. This viewer demonstrates basic functionalities of a
CGAL::Polyhedron 3. We shov the mesh traversal basedon the iterators and the circulators
during the assemblyof facetpolygonsfor basic OpenGLrendering. The viewer is then extendedby
customizingthe Polyhedron _3 with extra attributes and functionalities. This enrichedpolyhedron
supportsfacetand vertex normalsfor rendering,an axis-alignedboundingbox of the polyhedron,and
providesgeometnjitemsspecializedvith algorithmic ags. A numberof renderingmodesareavailableto
theuserdependingnthe choicesof lighting, shadingandedgesuperimposingThe superimpositiorof the
controlmeshon the subdvision surfacesis implementedor the quad-triangleschemewith abooleanag
of the halfedgeitem, this ag beingautomaticallypropagtedto the subdivided edgesduring subdvision
(Figure?).

The tutorial demonstrate®asic combinatorialalgorithmson the connecwity of the polyhedronby
countingthe numberof connectedcomponentsand boundariesand deducingthe combinatorialgenusof
theactive polyhedron.
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Figure4 — Thestencil(top blue)andits vertex (bottomred)in Catmull-Clarksubdivision(a-

¢) andDoo-Sabirsubdivision(d). Catmull-Clarksubdivisiorhasthreestencils:facet-stencil
(a), edge-stencil(b) and vertex-stencil(c). Doo-Sabinsubdivisionhasonly cornerstencil
(d). Thestencilweightsare not shown.

In additionto the build-in featuresof OFF le 1/O in CGAL, we shav how to import a polyhedronle
in the OBJ format basedon the modi er callbadk medanismandthe incrementalbuilder. The OBJ le
exportingis simply basedon meshtraversal.

Thecameraandtransformatiorstatesareautomaticallyadjustedvhenanew polyhedroris loadedsoas
to originally view themodelin all. A functionsnapshotshe cameraandtransformatiorstatesor the sale
of comparingwo modelswith the sameviewpoint.

Theviewer alsofeaturesarasteroutputof thecurrentclientimageto theclipboard,aswell asavectorial
outputto a postscriptle. Note however thatthe latter functionality is not basedon the painteralgorithm
and performsinsteada simple z-sortingof the polygonsbasedon eachfacetbarycenterandthe current
viewpoint.

4 Subdivision Surfaces

The secondpart of the tutorial focuseson the designand the implementationof P 3 (Figure 5), Quad-
Trianglesubdvision (Figure7) andour combinatorysubdvision library (CSL).

In additionto its importancein the surface modeling, we choosesubdvision algorithmsto demon-
strate both the connectivity opemation (re nement) and the geometry opefation (smoothing) of a
CGAL::Polyhedron 3. Thesetwo operationsare the primary implementationcomponentgequired
by algorithmson polyhedronmeshes.Readersntendedto designandimplementmeshalgorithmsother
thansubdvisionswill alsobebene tedfrom thetechniquesve proposechere.

Thekey toimplementa subdvision algorithmis to ef ciently supporthere nement,i.e.theconnectv-
ity modi cations. Two approacheareintroducedto supportthere nement: the Euler opeators (operator
scheme)@ndthe modi er callbadk mehanism(modiger scheme).The operatorschemerecon guresthe
connectvity with a combinationof Euler operators. §§udeision [Kob0q is usedto demonstratehis
schemeWe alsocompareour implementatiorwith the 3 subdvision providedin OpenMesHibrary.

Thoughsimpleandefcient in somere nements,e.g. 3 subdvision, the correctcombinationof the
operatorss hardto nd for somere nements,e.g. Doo-Sabinsubdvision [DS78. The modi er scheme
solvesthe problemby letting the programmergreatetheir own combinatorialoperatorausingthe polyhe-
dronincrementabuilder. Quad-Tianglesubdvision[SLO3 Lev03] is usedto demonstratéhis scheme.



4.1 P 3 Subdivision

Thisschemavasintroducedasanadaptie schemdKob0(d, but we restrictour exampleprogramto asingle
uniform subdvision step,seeFig. 5 for anexampleof a subdvision sequenceandFig. 6 for a closeupon
there nement.

Thesubdvisionsteptakesatrianglemeshasinputandsplitseachfacetatits centroidinto threetriangles.
We write afunctionthatcreateghecentroidfor onetriangle. Thetopologyre nementpartexistsalreadyas
anEuleroperatoin CGAL::Polyhedron _3, weonly haveto computethe coordinate®f the new vertex.
Sincethefacetis a triangle,we accesshe 1-ring of the centroiddirectly without ary loopsor branching
decisiongin generalwe couldusethe circulatorloop shavn in therenderfunction).

Figure5 — P 3 subdivisionof the mannequirmesh.

void create_centroid ( Polyhedron& P, Facet_iterator f) f
Halfedge_handle h = f >halfedge ();
Vector vec = h >vertex() > point() ORIGIN;;
vec = vec + (h >next() > vertex() > point() ORIGIN);
vec = vec + (h >next() > next() > vertex() > point() ORIGIN);
Halfedge_handle new_center = P.create_center_vertex (h);
new_center >vertex() > point() = ORIGIN + (vec/3.0);

Next, all edgesof the initial mesh are ipped to join two adjacentcentroids. It is part of the
CGAL::Polyhedron _3interface.

Finally, eachinitial vertex is replacedy abarycentriccombinatiorof its neighbors However, themesh
hasalreadybeensubdvided, so the original neighborsof a vertex are actually every othervertex in the
1-ring. We write a function objectfor the smoothingstepthat canbe usedwith the std::transform
function.




Figure6 — Thep 3-subdivisionschemeis decomposethto Euler opeiators: centervertex
andede ips.

struct Smooth_old_vertex f
Point operator ()( const Vertex& v) const f
std::size_t degree = v.vertex_degree()/2;
double alpha = (4.0 2.0 cos(2.0 CGAL_PI/degree))/9.0;
Vector vec = (v.point() ORIGIN) (1.0 alpha);
Halfedge_around_vertex_const_circulator h = v.vertex_begin();
do f
vec = vec + ( h >opposite() > vertex() > point() ORIGIN)
alpha/degree;
++ h; ++ h;
g while ( h !'= v.vertex_begin());
return (ORIGIN + vec);

99;

In the nal subdvision programwe exploit that nenly createditems are appendedt the end of the se-
quencesso that we cankeepvalid iteratorstelling us wherethe old itemsend andwherethe new items
start. We areaseconomicabspossiblewith the extra storageneededn thismethodwhichis anextraarray
for the smoothectoordinatef original vertices. We startby creatingthe centroids thensmooththe old
vertices,andconcludewith ipping theold edges.

void subdiv ( Polyhedron& P) f
std::size.t nv = P.size_of_vertices();
Vertex_iterator last.v = P.vertices_end();

last_v ; /! the last of the old vertices
Edge.iterator last.e = P.edges_end();

last_e; /1 the last of the old edges
Facet_iterator last_f = P.facets_end();

last_f ; /! the last of the old facets
Facet_iterator f = P.facets_begin(); // centroids
do f

create_centroid ( P, f);
g while ( f++ 1= last_f);
std :: vector< Point> pts; /1 smooth old vertices
pts.reserve( nv); I/ space for the new points
++ last_v; /! move to past the end again

std :: transform ( P.vertices_begin (), last_v,
std :: back_inserter ( pts), Smooth_old_vertex ());
std :: copy ( pts.begin(), pts.end(), P.points_begin());

++ last_e; /' move to past the end again
for ( Edge.iterator e = P.edges_begin(); e != last_e; ++e)
P.flip_edge(e); /I flip the old edges

The OPENMESH library Releasel.0.0-beta4omeswith ademoapplic%tignfor thesubdvision algorithms
thatareavailablein OPENMESH. SinceL. Kobbelt,the authorof the = 3-subdvision, is the headof the
groupdeveloping OPENMESH, it is naturalto nd his algorithmin thelibrary. We comparedt with our
exampleimplementatioron alaptopwith anintel Mobile Pentium4runningat 1.80GHzwith 512KB cache



and254MB mainmemoryunderLinux.

We selectedan instanceof CGAL::Polyhedron _3 that was closely matchingthe implementation
usedin OPENMESH, i.e., array-storageno planeequationin facets,andfloat coordinatesn points.
OPENMESH usesthe specializedtriangle-meshdata structurewhere our structureremainsthe general
polygonalmesh. We only exploited the triangle natureof our meshin the centroidcomputation,andas
it turnedout, thiswasnot crucial. Whatis crucialis the sizeof the structure For example the sameexperi-
mentwith anunusedblaneequationsn the facetsncreasesherunningtime by 25%. Similarly the choice
of thecoordinatetype matters.We usedthelion vase seeFig. 12 with 400ktrianglesasbenchmarkn two
successie subdvision steps. The othermodelshad boundaryedgesso thatwe could not usethemin our
currentlylimited exampleprogram.Timein seconds:

P CGAL OPENMESH
3-subdivision ‘ float double float
Lion vase:stepl 0.95 1.22 1.27
Lion vase:step2 ‘ 3.90 23.73 128.00

The resultis clearly encouragindor the CGAL implementationput it shouldbe interpretedcautiously
For example,the OPENMESH implementationwas olviously runninginto swap problemsin the second
re nementstep,which is not expectedwhenstudyingthe exampleprogramandreadingthe manualabout
the default spacerequirementf this implementation. Nonethelessthe simple and easycustomization
possiblewith the CGAL::Polyhedron  _3 resultedin a short,readableandcompetitve implementation
for this algorithm without greatefforts. It is alsothe rst resultshaving that the abstractionof Euler
operationgloesnot necessarilhharmyour performanceandthey clearly simplify things.

4.2 Quad-triangle Subdivision

The quad-trianglesubdvision schemewasintroducedby Levin [Lev03], thenStamandLoop [SL0J. It
appliesto polygonmeshesndbasicallyfeatured_oop subdvision on trianglesandCatmull-Clarksubdvi-
sionon polygonsof the control mesh(seeFig.7). After oneiterationof subdvision the subdvided model
is only composeaf trianglesandquads.

Figure7 — Quad-trianglesubdivisionof therhombicuboctaheadmn mesh.

A simple solution for implementingsucha schemes to usethe incrementalbuilder offered for the
CGAL Polyhedron.The polyhedronprovidesa backdooraccesgo the underlyinghalfedgedatastructure
with the CGAL::Modifier classandcheckstheintegrity of the datastructurewhenthis accessnishes.



Theprimeexamplefor this backdoomwuseis analternatve way of describingneshesn theindexed-facet-set
formatthatis commonin le formats: Pointsarede ned with coordinatesthenfacetsarede ned by the
pointson their boundarybut the pointsaregivenasindicesto thealreadygivenlist of points.

In theexamplebelav we make useof theincrementabuilderto assembla subdvidedpolyhedrorfrom
aninput polyhedron.Our implementatiorrequiresenrichedhalfedge vertex andfacetprimitiveswith an
integertagthatrecoversthevertex indicesof the subdvided model.

#include "enriched_polyhedron.h”
#include " builder.h”

template < class HDS, class Polyhedron, class kernel>

class CModifierQuadTriangle : public CGAL:: Modifier_base<HDS
f

private:

typedef

Polyhedron m_pMesh;
public:

Il life cycle
CModifierQuadTriangle(Polyhedron pMesh)
f

CGAL _assertion(pMesh != NULL);

m_pMesh = pMesh;

9
“CModifierQuadTriangle() f g

/1 subdivision
void operator ()( HDS& hds)
f

builder B(hds,true);
B.begin_surface(3,1,6);
add_vertices(B);
add_facets(B);
B.end_surface ();
g

private:

...

/I for the complete implementation of the subdivision,

/1 readers should refer to the accompanied source codes of
/1 this tutorial .

g5

template < class Polyhedron, class kernel>
class CSubdivider_quad_triangle
f
public:
typedef typename Polyhedron:: HalfedgeDS HalfedgeDS;

public:
Il life cycle
CSubdivider_quad_-triangle() f g
“CSubdivider_quad-triangle() f g

public:
void subdivide(Polyhedron & OriginalMesh ,
Polyhedron & NewMesh,
bool smooth_boundary = true)

CModifierQuadTriangle<HalfedgeDS, Polyhedron , kernel>
builder(&OriginalMesh);

/1 delegate construction



NewMesh. delegate (builder);

/1 smooth
builder .smooth(&NewMesh, smooth_boundary );
g
g;

4.3 Combinatorial Subdivision Library

Basedonthetechniquesandfunctionalitiesdescribedn the previoussectionswe now shav how to design
andimplementa subdvision library for agenericCGAL polyhedron.This library is namedCombinatorial
Subdyiision Library, shortCSL. CSL containsa setof re nementfunctionsandgeometrysmoothingrules
thatareusercustomizable Subdvisionsin CSL arespecializedasa propercombinationof there nement
functionsandthe geometrysmoothingrules.

CSL followsin its desingtheideasof policy-baseddesign[Ale01]. The policy-baseddesignassembles
aclass(calledhos) with complex behaior outof mary smallandgenerichehaiors (calledpolicies. Each
policy de nes aninterfacefor a speci ¢ behaior andis customizableby the user Policiesare usually
implementedasfunctionsor functors.Onegentleexampleis thefor _each algorithmin STL .

template < class Inputlterator , class UnaryFunction>
UnaryFunction for_each(lnputlterator first , Inputlterator last, UnaryFunction f);

Thefor _each is thealgorithmhostandthe UnaryFunction f is the genericbehaior customizable
by the user To useit, onehasto provide a policy functor or functionthat meetsthe interfacerequirement
of anunaryfunction.

Basedon the policy-baseddesign,CSL is designedo supportboth generictypes i.e. the polyhedron,
and genericbehavios, i.e. the subdvisions. The generictype is speci ed to follow the interfaceof the
CGAL::Polyhedron _3 thatspeci esboththeconnectvity andthe geometryinterface.The connectity
interface hasto supportthe circulatorsover primitives, or the adjaceng pointersof an halfedge. The
geometnyinterfacehasto providethePoint typeof avertec item. Theoperationalnterfaceof the Point
is notspeci ed by CSL andcanbenon-CGAL style. For anon-CGAL Point  type,usersshouldprovide
userde ned policiesthatperformthe point operations.

A subdiision algorithmhasthreekey behaiors: re nement smoothing and stencilcorrespondence
There nementis actedasafor _each algorithmonthesourceandthere ned polyhedronwhile applying
thesmoothingoehaiors. CSLimplementthere nementsasthe hostfunctionswith thesmoothingrulesas
the policies. Somemajorre nementschemesireshavn in Figure 3. Thetutorialaccompaying CSL only
providesPQQ,PTQ andDQQ schemes.The re nementcon gurationsalsode ne the stencilcorrespon-
dencesstencilsof PQQandDQQ schemesreshavn in Figure4. Thesestencilcorrespondencespeci ed
thefunctionalinterfacebetweerthere nementhostsandthe geometrysmoothingpolicies.

Primal Quad Quadralization

A subdvision algorithmin CSL is constructedas a re nementfunction parameterizedavith a setof the
geometrysmoothingules Therule setis speci ed asatemplatepolicy class.For example,Catmull-Clark
subdvisionin CSLis instantiatecasthe PQQschemeparameterizedith a Catmull-Clarkgeometrypolicy
class.

void CatmullClark_subdivision (Polyhedron& p, int step = 1) f
quad_quadralize_polyhedron(p, CatmullClark_rule<Polyhedron> (), step);

http://www.sgi.com/tech/stl/for_each.html



Figure8 — Catmull-Clarksubdivisionof the box polyhedon.

Thequad _quadralize  _polyhedron is there nementhostthatre nes the control polyhedronusing
PQQschemeandtheCatmullClark  _rule isthetemplategeometrypolicy class.

Geometry policiesarerepresentedsthe policy functionsof the policy class.Eachpolicy functionreceve
a primitive handle of the represented.-ring submestof the control polyhedron;and a referenceof the
smoothingpoint on the re ned polyhedron. The interfaceof a policy classfor a PQQre nementhostis
shavn below.

template < class _Poly>

class quadralize_rule f

public:
void face_point_rule(Facet_handle, Point&) fg;
void edge_point_rule(Halfedge_handle, Point&) fg;
void vertex_point_rule(Vertex_handle, Point&) fg;

g;

Theinterfaceis de ned accordingo the stencilcorrespondencef there nementscheme A PQQscheme
containghreestencilsthatareshavn in Figure4 (axc). Eachof themde nesapolicy function,which of the
quadralize  _rule isthefacet _rule() ,theedge rule() ,andthevertex _rule() respectiely.
Any customizedbolicy classof the geometrysmoothingrulesarerequiredto provide the properfunctions.
To assurethe interfaceconsistenceCSL providesa geometryrule classfor eachre nementscheme.To
createa new geometrypolicy classtheclassinheritances used.

/1 Specialized a Catmull Clark rule by inheriting the quadralize_rule.
template < class _Poly>
class CatmullClark_rule : public quadralize_rule<_Poly > f...g




Thesmoothingpointsof are ned polyhedronis generatedby calling the correspondinggeometrypoli-
cies.Insideeachpolicy, applyingthe stencilis simpli ed into the meshtraversalof a 1-ring neighborhood.
It canbe donewith a primitive circulatoror a simplesequencef the adjaceng pointersof the halfedges.
Theface _point _rule for Catmull-Clarksubdvision demonstratethe usageof a facetcirculator for
stenciling.

void face_point_rule(Facet_handle facet, Point& pt) f
/I Facet circulator is used to traverse thel ring of a facet.
Halfedge_around_facet_circulator hcir = facet >facet_begin();
int n =0;
Kernel ::FT p[] = f0,0,09;
Il Apply the stencil while circulating around the facet.
do f
Point t = hcir >vertex() > point();
p[O] += t[O], p[1] += t[1], p[2] += t[2];
++n;
g while (++hcir != facet >facet_begin());
/1 Assign the smoothing point.
pt = Point(p[0]/n, p[1]/n, p[2]/n);

Thefacetcirculatorprovidesa corvenientway to traverseandcollectthe points. The point calculationuse
the conventionalinterface[i] ~ of the point type. For Point not equippedwith theindex accesdi] , a
userimplementedolicy classneedto be provided. The CGAL Point _3/Vector _3 computatiorcanbe
usedif thePoint is theequialenttypeof Point _3 whichis shavn below.

void face_point_rule(Facet_handle facet, Point& pt) f
Halfedge_around_facet_circulator hcir = facet >facet_begin();
/1 Use CGAL::ORIGIN to transform Point into Vector.
Vector vec = hcir >vertex() > point() CGAL :: ORIGIN;
++hcir;
do f

/I Vector is a computational class

vec = vec + hcir >vertex() > point();
g while (++hcir != facet >facet_begin());
/I Use CGAL::ORIGIN to transform Vector back to Point.
pt = CGAL::ORIGIN + vec/circulator_size(hcir);

Theedge _point _rule()  of Catmull-Clarksubdvisionrequireshelow lever halfedgetraversalthat
isthenext() ,theprev() ,andtheopposite() of thehalfedgetem.

void edge-point_rule(Halfedge_handle edge, Point& pt) f

Point pl = edge >vertex() > point();

Point p2 = edge >opposite() > vertex() > point();

Point f1, f2;

face_point_rule(edge >facet (), f1);

face_point_rule(edge >opposite() > facet(), f2);

pt = Point ((pl[0]+p2[0]+f1[0]+f2[0])/4,
(pl[1]+p2[1]+f1[1]+f2[1])/4,
(p1[2]+p2[2]+f1[2]+f2[2])/4 );

Theedge->opposite() is usedto locatethe oppositepointandthe oppositefacet.Insteadof usingthe
facetcirculatorfor eachfacetafterobtainingthefacethandletheface _point _rule is calledto calculate
thefacetcentroids.The smoothingpointis thenassigneasthe centroidof the two oppositepointsandthe
two facetcentroids.



The vertex _point _rule for Catmull-Clarksubdvision is more complicatedthan the other two
policy functions. Unlike the facetand edgerules, vertex rule is not staticin the scenesof the stencil
weights. The weightsarefunctionsof the vertex valenceandit introducesmore geometrycomputations.
Nonethelesghe connectvity traversalis still homomorphido a vertex circulation.

void vertex_point_rule(Vertex_handle vertex , Point& pt) f
/I Only a vertex circulator is needed to collect the submesh.
Halfedge_around_vertex_circulator vcir = vertex >vertex_begin();
/I The vertex valence is used to calculate the stencil weights.
int n = circulator_size(vcir);

float Q[] = 0.0, 0.0, 0.0g, R[] = f0.0, 0.0, 0.0g;
Point& S = vertex >point(); // The center vertex

Point q;

for (int i = 0; i < n; i++, ++vcir) f
Point& p2 = vcir >opposite() > vertex() > point();
R[0] += (S[0]+p2[0])/2; R[1] += (S[1]+p2[1])/2; R[2] += (S[2]+p2[2])/2;
face_point_rule(vcir >facet(), q);

Q[0] += q[0]; Q[1] += q[1]; Q[2] += q[2];

g
R[O] /= n; R[1] /= n; R[2] /= n;
Q[0] /= n; Q[1] /= n; Q[2] /= n;

/1 Assign the smoothing point.

pt = Point((Q[0] + 2 R[O] + S[0] (n 3))/n,
(Q[1] + 2 R[1] + S[1] (n 3))/n,
(Q[2] + 2 R[2] + S[2] (n 3))/n);

Connectiity re nement in CSL is designas a host function. A re nement host re nes the in-
put control polyhedron, maintainsthe stencil correspondencand assignthe smoothedpoints. The
quad _quadralize  _polyhedron s there nementhostfor a PQQschemelt redirectsthere nement
by repeatinghequad _quadralize  _1step() thatdoesone-stegpolyhedrornre nement.

// RULE is a template parameter specifying the geometry stencils.

template < template < typename> class RULE

void quad_quadralize_polyhedron (Polyhedron& p, RULK Polyhedron> rule, int d) f
/I Do d times refinement.
for (int i = 0; i < d; i++) quad_quadralize_1step(p, rule);

Thequad _quadralize  _1step() is implementedbasedon a sequencef the Euler operationswvhich
incrementallymodify theconnectiity. Figure9illustratestheincrementamodi cationsfor aPQQscheme.

/! Build the connectivity using insert_vertex () and insert_edge()

/1 Stepl. Insert edge vertices on all edges and set them to new positions.

for (int i = 0; i < num_edge; i++, ++eitr) f
Vertex_handle vh = insert_vertex (p, eitr);
vh >point () = edge_point_buffer[i]; // Points are obtained with the edge rule.
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fitr = p.facets_begin ();

for (int i = 0; i < num_facet; i++, ++fitr) f
Halfedge_around_facet_circulator hcir_begin = fitr >facet_begin();
Halfedge_around_facet_circulator hcir = hcir_begin;

/] Step2. Insert a cut edge between 2 randomly selected incident edge vertices.
Halfedge_handle el = ++hcir;



++hcir;

Halfedge_handle e2 = ++hcir;

++hcir; // Must move the cir before inserts the new edge !!
Halfedge_handle newe = insert_edge(p, el, e2);

/1 Step3. Insert a facet vertex on the cut edge and set it to the new position

Halfedge_handle newv = insert_vertex_return_edge(p, newe);
newv = newv >opposite() > prev(); // change newv to the larger face and
/l still points to the newly inserted
Il vertex
/! Update the geometry data of the face vertex
newv >vertex() > point() = face_point_buffer[i]; // Points are obtained with the facet rule.

/1 Stepd. Insert the facet edges between the edge vertices and the facet vertex.
while (hcir !'= hcir_begin) f

el = ++hcir;

++hcir; // Must move the cir before inserts the new edge !!

insert_edge(p, el, newv);
g

g
/1 Update the geometry data of the vertex vertices
vitr = p.vertices_begin();
for (int i = 0; i < num_vertex; i++, ++vitr)
vitr >point() = vertex_point_buffer[i]; // Points are obtained with the vertex rule.

The details of the Step2and Step3are shavn in Figure 10. Note that the insert _vertex() and
insert _edge() are simple connectiity functions composedof the Euler operatorsprovided by
CGAL::Polyhedron _3. Detailsaboutthesetwo functions,readershouldreferto thelib/SurfLab/Ply-

hedion._decoator.h.

Stepl Step2 Step3 Step4

Figure9 — A PQQre®nemenbf a facetis encodednto a sequencef vertex insertionsand
edee insertions.Redindicatestheinsertedverticesandedgesin ead step.

Figure10— TheEuler opemtionsfor the StepZ2and Step3of the PQQre®nement.

Stencil correspondencds anotherkey behaior for a subdvision algorithm. CSL re nementhostsem-
ploy the geometrypolicies to generatethe smoothingpoints. Three temporarypoint buffers, ver-

tex _point _buffer , edge _point _buffer andface _point _buffer , areusedin the re nement
hostto storethe points generatedy the geometrypolicies. Thesepoints are then assignedo the cor
respondinge ned vertices. In the Quad-Tiangleimplementationthe customizedtem ags areusedto
registerthe stencilcorrespondenceSinceCSL is designedo accepta genericCGAL::Polyhedron 3,
customizedtem ags (witch resultsa speci c CGAL::Polyhedron  _3) is notafeasibleoptionfor CSL.
To maintainthe stencilcorrespondenc& SL implicitly matcheghe storageorderandoperationorder The
operatiororderis theorderof creatingtheverticeshroughtheconnectvity operationin there nementhost.
This orderis demonstrateéh the Figure9 andtherelatedsourcecode.Note CGAL::Polyhedron 3 al-



locatesnew geometryitemsby appendinghemat the endof the underlyingcontainersin mostcaseshe
linked-listor the vector Sothe operationorderis equivalentto the storageof the vertex items, hencethe
storageorderof the points. CSL arrangeghe calling orderof the geometrypoliciesto meetthe operation
order which ensureghe correspondencieetweerthe stencilsandthe points.

/l Build a new vertices buffer has the following structure:

/I 01 ... e_begin ... f_begin ... (end-of_buffer)

/I 0 ... e_begin 1 . store the points of the vertex vertices
/l e_begin ... f_begin 1: store the points of the edge vertices
/1 f_begin ... (end) . store the points of the face vertices

int num_vertex = p.size_of_vertices();
int num_edge = p.size_of_halfedges()/2;
int num_facet = p.size_of_facets();

/1 1f Polyhedron is using vector , we need to reserve the memory to prevent
I/l the CGAL_assertion. We assume p is a quad polyhedron.

/1 This function for polyhedron using list is VOID.
p.reserve(num_vertex+num_edge+num_facet, 4 2 num_edge, 4 num_edge/2);

/1l Allocate the temporary point buffers.

Point vertex_point_buffer = new Point[num_vertex + num_edge + num_facet];
Point edge_point_buffer = vertex_point_buffer + num_vertex;

Point face_point_buffer = edge_point_buffer + num_edge;

std :: vector<bool > v_onborder (num_vertex);

/I Generate the facet points in the operation order.

Facet_iterator fitr = p.facets_begin();

for (int i = 0; i < num_facet; i++, ++fitr)
rule.face_point_rule(fitr , face_point_buffer[i]);

int sb = p.size_of_border_edges();

/! Generate the edge points in the operation order.

Edge.iterator eitr = p.edges_begin();

for (int i = 0; i < num_edge sb; i++, ++eitr)
rule.edge_point_rule(eitr , edge_point_buffer[i]);

/!l Take care border point as another geometry policy.
for (int i = num.edge sb; i < num_.edge; i++, ++eitr) f

int v = std:: distance(p.vertices_begin(), eitr >vertex ());

v_onborder[v] = true;

rule.border_point_rule(eitr , edge_point_buffer[i], vertex_point_buffer[v]);
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I/l Generate the vertex points in the operation order.
Vertex_iterator vitr = p.vertices_begin();
for (int i = 0; i < num_vertex; i++, ++vitr)
if (!v_.onborder[i]) rule.vertex_point_rule(vitr, vertex_point_buffer[i]);

A borderpointpolicy is introducedo supportthe boundarycase Borderpointsusuallyhave specialstencil
thatin generaldegeneratedrom 2-variablesurfaceto 1-variablecurve. Thefull list of there nementhost
andthegeometrypolicies(includingborder _point _rule() ) canbefoundintheaccompayping source
code.

Dual Quad Quadralization

PrimalschemessuchasPQQ,PTQandIO 3re nement,reserethecontrolverticesor eventhecontrolpoly-
hedron.We candevise a sequencef Euler operationgo incrementallymanipulatethe connectvity while
maintainingthe stencil correspondencéor theseschemes.Dual schemessuchas DQQ re nement, ex-
changehevertex andfacetin theprocessTheseschemesostthe controlverticesandhencearehardto de-
viseincrementamanipulationsThemodi er callbackmechanisnsupportedy CGAL::Polyhedron 3
is thenusedto implementsuchre nementschemes.



Figure11l— Doo-Sabinsubdivisionof the boxpolyhedon.

CSLrepresent®oo-Sabinsubdvision asa DQQ re nementparameterizedith Doo-Sabinsmoothing
rules.

void DooSabin_subdivision(Polyhedron& p, int step = 1) f
dualize_polyhedron(p, DooSabin_rule<Polyhedron> (), step);
g

The dualize _polyhedron() is the re nement host and the DooSabin _rule is a policy class
supportingDoo-Sabirstencils.

Thegeometrypolicy of a DQQ schemas shavn in Figure4 (d) wherethe stencilcentersarounda corner
(asafacet-ertex pair). Only onegeometrypolicy, i.e. the cornerpoint, is neededor aDQQ scheme.

template < class _Poly>
class dualize_rule f
public:
/I The corner is pointed by a halfedge handle.
void point_rule(Halfedge_handle edge, Point& pt) fg;
g;

The Halfedge _handle edge pointsto the cornercenteredn the stencilsubmeshandthe Point&
pt refersto thesmoothingpointof there ned polyhedron.Theimplementatiorof the Doo-Sabirstencilis
shawn below.

template < class _Poly>
class DooSabin_rule : public dualize_rule< _Poly> f
public:

void point_rule(Halfedge_handle he, Point& pt) f



/I The Doo Sabin rule is a function of the facet degree.
int n = CGAL::circulator_size(he >facet() > facet_begin());

/I CGAL Vector computation is used for simple coding.
Vector cv(0,0,0), t;
if (n==4)f // Regular facet.
cv cv + (he >vertex() > point() CGAL::ORIGIN) 9;
cv cv + (he >next() > vertex() > point() CGAL::ORIGIN) 3;
cv cv + (he >next() > next() > vertex() > point() CGAL::ORIGIN);
cv cv + (he >prev() > vertex() > point() CGAL::ORIGIN) 3;
cv = cv/16;
g else f // Extraordinary facet.
double a;
for (int k = 0; k < n; ++k, he = he >next()) f
if (k ==0) a = ((double)5/n) + 1;
else a = (3+2 std::cos(2 k 3.141593/n))/n;
cv = cv + (he >vertex() > point() CGAL::ORIGIN) a;
g
cv = cv/4;

/1 Assign the smoothing point.
pt = CGAL::ORIGIN + cv;

Thenext() of the halfedgesaroundthe facetis the only connectvity functionality neededto support
Doo-Sabinstencil. Insteadof usingthe corventionalinterface[i]  of the point type, we demonstrat¢he
CGAL Point _3/Vector _3 computatiorthatgivesmoresuccinctcodes.

Connectiity re nement isimplementedasednthemodi er callbackmechanisnfMCM). In thedemon-
strationof Quad-Tiangle subdvision, MCM is usedto devise customizedEulerlike atomicoperators.in

CSL,MCM is usedto retuild there nementpolyhedronbasedon a completefacet-ertex index list. This
methodis called wholesaleschemein contrastto the incrementalschemeof Euler operations. The re-
nement hostof a DQQ schemeis represente@sthe dualize _polyhedron() andit redirectsthe
re nementby repeatinga one-stepe nementfunctiondualize _1step()

template < template < typename> class RULE

void dualize_polyhedron(Polyhedron& p, RULK Polyhedron> rule, int d = 1) f
for (int i = 0; i < d; ++i) dualize_1step(p, rule);

g

Thedualize _1step() rst constructsafacet-\ertex list thatis similarto theformatof aOFF le orthe
OpenGLvertex array A facet-\ertex list containstwo buffers: a point buffer anda facetindex buffer. The
point buffer storesthe smoothingpointsgeneratedy the geometrypolicy, i.e. thepoint _rule() . The
pointsaregeneratedn the orderof the halfedgeiterator Note thateachhalfedgepointsto a cornerthatis
avertex onthere ned polyhedron.Thefacetindex buffer containsalist of the vertex indiceswhich depict
facetpolygonsof there ned polyhedron Thevertex indicespointto the storagepositionin the point buffer.
Sinceeachfacetof there ned polyhedronis mappednto ageometryprimitive, i.e. vertex, edge andfacet,
of thesourcepolyhedronthefacetorderis de ned by (andequalto) theiteratororderof the primitivesin a
CGAL::Polyhedron 3.

template < class _P> template < template < typename> class RULE
void Polyhedron_subdivision<_P>::dualize_1step(-P& p, RULE_P> rule) f
int num.v = p.size_of_vertices();
int num_e p.size_of _halfedges()/2; // Number of edges.
int num_f p.size_of _facets();
int num_facet = num.v + num.e + num._f;

Il Init the facet vertex list for the refined polyhedron.



Point point_buffer = new Point[num.e 2];
int facet_buffer = new int [num_facet];
for (int i = 0; i < num_facet; ++i) facet_buffer[i] = NULL;

/1 Build the point buffer in the order of the halfedge iterator.

Halfedge_.iterator he_itr = p.halfedges_begin();

for (int i = 0; i < num.e 2; ++i, ++he_itr) f
Halfedge_around_facet_circulator cir = he_itr >facet_begin();
/I Generate the point with the geometry policy.
rule. point_rule(cir, point_buffer[i]);
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he_itr = p.halfedges_begin(); // Used to calculate the vertex index.
/Il The vertex index is the distance of the halfedge iterator to its begin iterator.

/1 Build the facet_buffer. Each refined facet corresponds to a control primitive.
I/ Construct the facet facet.
Facet_iterator fitr = p.facets_begin();

for (int i = 0; i < num_f; ++i, ++fitr) f
Halfedge_around_facet_circulator cir = fitr >facet_begin();
int n = CGAL::circulator_size(cir); // Can be an extraordinary facet.

facet_buffer[i] = new int[n+1];
facet_buffer[i][0] = n;
for (int j = 1; j < n+1; ++j, ++cir)
facet_buffer[i][j] =
std :: distance(he_itr , Halfedge_handle(cir.operator > ()));

/I Construct the edge facet.

Halfedge_iterator eitr = p.halfedges_begin();

for (int i = num_f; i < num_f+num_.e; ++i, ++eitr) f
facet_buffer[i] = new int[4+1];
facet_buffer[i][0] ;
facet_buffer[i][1]
facet_buffer[i][2]
++eitr;
facet_buffer[i][3]
facet_buffer[i][4]

(i num.f) 2:
std :: distance(he_itr , eitr >prev());

(i num_f) 2+1;
std :: distance(he_itr , eitr >prev());

9
Il Construct the vertex facet.
Vertex-iterator vitr = p.vertices_begin();

for (int i = num_f+num_.e; i < num_f+num_e+tnum.v; ++i, ++vitr) f
Halfedge_around_vertex_circulator cir = vitr >vertex_begin();
int n = CGAL::circulator_size(cir); // Can be an extraordinary vertex.

facet_buffer[i] = new int[n+1];
facet_buffer[i][0] = n;

for (int j = 1; j < n+1; ++j, cir)
facet_buffer[i][j] =
std:: distance(he.itr , Halfedge_handle(cir.operator > ()));
g

/! Rebuild the refined polyhedron.

p.clear ();

Polyhedron_memory_builder< Polyhedron> pb(num.e 2, point_buffer,
num_f+num_e+num.v, facet_buffer);

p.delegate(pb);

Il release the buffer of the new level

for (int i = 0; i < num_facet; ++i) delete[] facet_buffer[i];
delete[] facet_buffer;

delete[] point_buffer;

After thefacet-ertex list is build, there ned polyhedronis retuild from thelist with the modi er andthe
incrementabuilder.

Point p = (Point ) point_buffer;
pb.begin_surface(num_point, num_facet); f



for (int i = 0; i < num_point; ++i) pb.add_vertex(p[i]);
for (int i = 0; i < num_facet; ++i) f
pb.begin_facet (); f
for (int n = 0; n< facet_buffer[i][0]; ++n)
pb.add_vertex_to_facet(facet_buffer[i][n+1]);

g
pb.end_facet ();
g

g
pb.end_surface ();

Thepb is anobjectof the CGAL::Polyhedron  _incremental  _builder 3.

CSL

CSL s policy-basedapproactoffersa convenientway to specializea subdvision with atemplategeometry
policy class.Theaccompaying sourcecodeof CSL supportsCatmull-Clark,Loop, andDoo-Sabingeom-
etry policiesandhencethe subdvisions. Eachof the subdvision is constructedy a propercombination
of the re nementhostandthe subdvision rules. A customizedsubdvision canbe easily createdwith a
usercustomizedolicy class.For example,a linear subdvision with PQQcon gurationis parameterized
with averagegeometryrules.

template < class _Poly>
class average.rule : public quadralize_rule< _Poly> f
public:
Il Generate the facet centroid.
void face_point_rule(Facet_handle facet, Point& pt) f
Halfedge_around_facet_circulator hcir = facet >facet_begin();

int n =0;
FT p[] =f0,0,09;
do f

Point t = hcir >vertex() > point();
p[O] += t[O], p[1] += t[1], p[2] += t[2];
++n;
g while (++hcir = facet >facet_begin());
pt = Point(p[0]/n, p[1]/n, p[2]/n);

I/l Generate the edge midpoint.

void edge_point_rule(Halfedge_handle edge, Point& pt) f
Point pl = edge >vertex() > point();
Point p2 = edge >opposite() > vertex() > point();
pt = Point((p1[0]+p2[0])/2, (pi[1]+p2[1])/2, (p1[2]+p2[2])/2);

g

/1 Return the vertex itself.

void vertex_point_rule(Vertex_handle vertex , Point& pt) f
pt = vertex >point();

g

g;

Following functioncall invokesthis simplelinearPQQsubdvision.

quad_quadralize_polyhedron (poly , average_rule<Polyhedron> (), step);

Thoughdemonstratedith aspeci ¢ enrichedPolyhedron  _3 in our polyhedrorviewer, CSL accepts
ary polyhedrormeshspecializedrom thePolyhedron _3 . Theonly geometryrequirements the Point
type de ned in the vertex item. Subdvisionsin CSL arebuild aspropercombinationsof the re nement
functionsandthe geometrypolicy classeghencethe nameCombinatorySL). The propercombinationis
constrainedy the stencilcorrespondencandchecledin thecompilertime.



Figure12 — Modelsusedfor bencymarking Compleity (in triangles): Bunny: 69,451 Lion
vase:400k,David (simpli®edversion): 700k,Raptor: 2M.

The tutorial versionof CSL only supportsthe geometrymodi cation of the vertex (henceonly the
isotrophicsubdvision). Boundarycan be easily supportedby introducingthe boundarypolicy. But for
anisotropicsubdvisions(e.g. Pixar's creasaules),datamodi cations of the halfedgearerequired.It can
be doneby introducinghalfedgepolicy, thougha muchcomple structureis neededn there nementhost.

5 Auxiliar y Geometric Algorithms

Therearegeometricalgorithmsavailablein CGAL, notdirectly processinga mesh but thatcanbe helpful
in the meshprocessingontext, for example,a fastself intersectiortest, the smallestenclosingsphere or
the minimumwidth of a point set. We usea few large meshegseeFig. 12) to evaluateperformanceon a
laptopwith an Intel Mobile Pentium4runningat 1.80GHzwith 512KB cacheand 256MB main memory
underLinux. For our largestmesh the Raptor the algorithmsstartedswapping.Neverthelesstheruntimes
arequiteacceptable.

(Theseprogramswverewritten with featureonly availablewith thenext CGAL releases.1.,in particular
theboxintersectiorandanimproved corvex hull functionarenotyetavailable.)

timein min. sphere corvex min.  selfinter-
seconds double gmpq hull width section
Bunry 0.02 14 3.5 111 3.2
Lionvase 0.19 396 131 276 22.9

David 0.12 215 20.3 112 41.6
Raptor 0.35 589 45.5 123 92.3

5.1 Self Intersection Test

Theselfintersectiortestis basedon the generaklgorithmfor fastbox intersection§ZE0Z, appliedto the
boundingboxesof individualfacetsj.e. triangles,asa Itering step.Thetrianglesof intersectingooxesare
thenchecledin detail,i.e.,if they shareacommonedgethey do notintersectijf they shareacommonvertex
they may intersector not dependingon the oppositeedge,andotherwisethe intersectiortestfor triangles
in the CGAL geometrickernelis usedto decidetheintersection.A geometrickernelwith exactpredicates
is sufcient for this algorithm. Interestingly only the lion vaseis free of self intersectionsThe algorithm



is fast,seethe tablebelow, thoughnot sufcient for interactve use. Neverthelessa nal quality checkis
possiblefor quitelargemeshes.

Seethe full programin examples/intersection.C , We discussa shortenedversionherethat
detectsself intersectionsamonga triangle soup,i.e., we ignore the extra handlingfor the meshandthe
incidenceghatareno intersections.

/1 file: examples/Box_intersection_d/triangle_self_intersect.C
#include < CGAL/ Exact_predicates_inexact_constructions_kernel .h>
#include <CGAL/intersections.h>

#include < CGAL/ point_generators_3.h>

#include < CGAL/Bbox_3.h>

#include <CGAL/box_intersection_d.h>

#include < CGAL/function_objects.h>

#include <CGAL/ Join_input_iterator .h>

#include < CGAL/ copy.n.h>

#include < vector>

typedef CGAL:: Exact_predicates_inexact_-constructions_kernel Kernel ;
typedef Kernel :: Point_3 Point_3;
typedef Kernel:: Triangle_3 Triangle_3;
typedef std::vector<Triangle.3> Triangles;
typedef Triangles::iterator Iterator;

typedef CGAL:: Box.intersection.d:: Box-with_handle_d<double,3, Iterator > Box;

Triangles triangles; // global vector of all triangles

Up to herewe have includedall necessarinclude les, de ned ourtriangletypeandastd::vector
storingall triangles,andthe Box type. As a specialty the chosenbox type with the double typefor its
coordinategndin dimensiorthreehasspecialsupportfor acceptingCGAL::Bbox _3 in aconstructarThe
box typeadditionallystoresaniteratorto thetrianglethatit encloses.

Next, we de ne a callbackfunction for the box intersection. It acceptswo boxes asargumentsand
will becalledwhenthe algorithmdetectghatthesetwo boxesareintersecting.The algorithmusesanid -
function of the boxes,heremappedo the addresf the triangles,to avoid reportingpairsof boxestwice.
Thetrivial intersectionof a box with itself is not reported.Now, the boxesareplaceholderdor triangles;
we accesshetrianglesandtestwhetherthetrianglesintersectaswell.

/1 callback function that reports all truly intersecting triangles
void report_inters( const Box& a, const Box& b) f
std :: cout << "Box."” << (a.handle() triangles.begin()) < < "_and.”
<< (b.handle() triangles.begin()) < < ".intersect”;
if (! a.handle() >is_degenerate() && ! b.handle() > is_degenerate()
&& CGAL:: do.intersect( (a.handle()), (b.handle()))) f
std::cout << ”,_and_the_triangles_intersect_also”;

std::cout<< '.'<< std::endl;

Themainfunctioncreatesomerandomtriangles, lls astd::vector of boxeswith thecorrespond-
ing CGAL boundingboxesof all triangles,andcallsthebox _self _intersection _d functionof CGAL.

int main() f
/I Create 10 random triangles
typedef CGAL:: Random_points_.in_cube_3< Point_3> Pts;
typedef CGAL:: Creator_uniform_3< Point_.3, Triangle_3> Creator;
typedef CGAL:: Join_input_iterator_3<Pts,Pts,Pts, Creator> Triangle_gen;
Pts points( 1); // in centered cube [ 1,1)°3
Triangle_gen triangle_gen ( points, points, points);
CGAL::copy-n( triangle_gen, 10, std:: back-inserter(triangles));



/! Create the corresponding vector of bounding boxes

std :: vector<Box> boxes;

for ( lterator i = triangles.begin(); i != triangles.end(); ++i)
boxes. push_back ( Box( i >bbox (), i));

/1 Run the self intersection algorithm with all defaults
CGAL:: box_self_intersection_d ( boxes.begin(), boxes.end(), report_inters);
return O;

For the full programexampleusing triangulatedmeshesthe callbackis moreinvolved checkingfor
trianglesthatintersecgeometricallybut thatshouldnotbereporttedasintersectingsincethey interseconly
atthecommonendpointor commonedgewith someproperneighbor Sincethecallbackis morecostly, the
tradeof betweercalling the box intersectioralgorithmwith the boxesthemselfe®r with pointersto boxes
(bot variantsare supporteddy default) shift in faviour for the pointerversion. So we createan additional
std::vector with pointersto theboxesandrunthealgorithmonthose.For betterpracticalperformance,
onealsohasto considera cutoff ~ parameteof the algorithm. A highervaluethanthe currentlychosen
defaultturnsoutto be quite a bit fasterfor our meshes.

5.2 Smallest Enclosing Sphere

Smallestenclosingspheresmin. spherefor short,are commonlyusedas boundingvolumesin bounding
volumehierarchiesfor example,to speedup intersectiortests. Thealgorithmin [FG03 needsageometric
kernelwith an exact numbertype for correctnesshut specializationgor the numbertypesdouble and
float have beenwritten to be quite robustaswell. For the exact version,we useheregmpq from the
GMP numbertype packagd Gra9q. Theruntimesareslow, but still feasiblefor hugemeshesin contrast,
whenwe run the algorithmwith the double numbertype, it becomedastenoughto be consideredor
interactve purposesfor example,selectinga goodview frustumin a viewer. We comparedhe resulting
spheref the algorithmrunningwith the exactandwith the oating-point numbertype. In all caseghe
spherecentercoordinatesandthe radiuswhereexactly the sameup to the seven digits after the decimal.
We wantto point outtherunningtime anomalyin above table—thesmallerlion vaseneeddongerthanthe
largerDavid sculpture—whichs o.k. for this datasensitve algorithm. It is worst-casdineartime (expected
time over therandomizedrderof theinput points),but depend®n a heuristicto bereally fast.

Seethefull programin examples/mini_ball.C , wediscussomeaspect®f it here.Whenrunning
the programwith thedouble numbernype,we choosehekernel:

typedef CGAL:: Simple_cartesian<double> Kernel ;

Insteadwhenpicking the exactnumbertype,we usethekernel:

typedef CGAL:: Cartesian< CGAL::Gmpg> Kernel ;

Sincewe areonly interestedn the pointsin the verticesof the polyhedronwe choosea versionof the
polyhedronwith smallmemoryfootprint:

typedef CGAL:: Polyhedron_3<Kernel , CGAL:: Polyhedron_min_items_3 ,
CGAL:: HalfedgeDS_vector > Polyhedron;

The chosenversionof the algorithm,CGAL::Min _sphere _of _spheres _d, is actuallydesignedo
computethe smallestenclosingsphereof spheressoit could be usedto constructhierarchicalschemes



of boundingsphereshut we useit herejust for points,i.e., sphereswith a degeneratezeroradius. The
necessargorversionfrom pointsto spheresequiresanexplicit step.

void min_sphere_of _spheres( const Polyhedron& P) f
Min_sphere_of_spheres min_sphere;
min_sphere. prepare( P.size_of_vertices());
for ( Point_iterator i = P.points_begin(); i!= P.points_end(); ++i) f
min_sphere.insert ( Sphere( i, 0.0));

g
/1

The algorithmis working in arbitrarydimension,andin the exact casewith rootsin the coordinates.
This makestheaccesgo theresultingspherdessintuitive, e.g.,the centerpointis accessewith aniterator
overthe coordinatesandthefollowing codeworksonly for thedouble versionof the program.

I
cout << ”"Center_point..:.";
std :: copy ( min_sphere. center_cartesian_begin(),
min_sphere. center_cartesian_end (),
std :: ostream_iterator<double> ( cout, "."));
cout << endl;
cout << "Double_radius.:.” << min_sphere.radius() < < endl;

5.3 Convex Hull and the Width of a Point Set

Corvex hulls are, similar to the smallestenclosingsphere,sometimesuseful as boundingvolumes, for

example,as a placeholdeffor fasterinteraction. For the quickhull algorithm[BDH96] usedin CGAL a
geometrickernelwith exact predicatesufces, andthe corvex hull canbe computedsigni cantly faster
thanthe exact smallestenclosingsphere however, far slower thanthe double versionof the smallest
enclosingsphere.

typedef CGAL:: Exact_predicates_inexact_constructions_kernel Kernel;

typedef Kernel::Vector_3 Vector ;

typedef Kernel :: Point_3 Point;

typedef CGAL:: Polyhedron_3<Kernel > Polyhedron;
typedef Polyhedron:: Point_const_iterator Point_iterator;

void convex_hull ( const Polyhedron& P, Polyhedron& Q) f
CGAL:: convex_hull_3( P.points_begin (), P.points_end (), Q);

cerr << "#vertices..:.” << Q.size_of_vertices() < < endl;
cerr << "#facets " << Q.size_of _facets() < < endl;
cerr << "#edges.....:.” << (Q.size_of _halfedges() / 2) < < endl;

In factwe aremoreinterestedn the corvex hull asa preprocessingp anotheroptimizationalgorithm,
thewidth of apointset. Theminimumwidth is obtainedy two parallelplanesof smallesipossibledistance
that encloseall points betweenthem. The printing time for three-dimensionadtereo-lithographiprinter
is proportionalto the heightof the objectprinted. Minimizing this heightcanbe doneby computingthe
normaldirectionthatminimizesthewidth betweerthetwo planesandthenalignthis normaldirectionwith
theprinterheightdirection.

Thewidth algorithmrequiresanexactnumbertype,sowe usetheresultof the corvex hull computation,
corvertall verticesto exactpoints,recomputehe corvex hull, andrunthewidth algorithm.Theruntimesin
thetableabove arefor the corversion,recomputingof the corvex hull andthewidth computatiortogether



but excludingthe rst convex hull computatiorthatrunsonthefull dataset.

typedef CGAL:: Exact_predicates_exact_constructions_kernel EKernel ;
typedef CGAL:: Polyhedron_3<EKernel > EPolyhedron;
typedef EKernel :: Point_3 EPoint;
typedef CGAL:: Width_default_traits_.3<EKernel > Width_traits;
typedef CGAL::Width.3<Width_traits> Width;

void width( const Polyhedron& P) f
std :: vector< EPoint> epoints;
for ( Point_iterator i = P.points_begin(); i != P.points_end(); ++i)
epoints. push_back ( EPoint ( CGAL::to_-double( i >x()),
CGAL:: to_double( i >y()),
CGAL::to_double( i >z())));
Width width ( epoints.begin(), epoints.end());
Width::RT num, denum;
width . get_squared_width ( num,denum);

cerr << "widthoooooo:n” << (sqrt( CGAL::to_double( num) /
CGAL:: to_double ( denum))) < < endl;
cerr << "direction..:.” << width.get_build_direction() < < endl;

Seethefull programin examples/convex_hull.C

6 Application demo

Theapplicationdemorunson windows andfeaturesa standardMFC multi document-viey architecturelt
featuresatrackballto interactizely manipulatethe polyhedron Acceptedmesh le formatsareASCIl OFF
andOBJ(1-basedrertex indicesfor thelatter).

Mouseinteraction
Left: rotation
Right: translation
Both: zoom.

Main keys

Presss' to subdvide the meshusingthe quad-trianglescheme.

Pressr' to choosearenderingmode.Notethatsuperimposinghe controledgesduringsubdvisionis only
availablefor the quad-trianglesubdvision scheme.

Pressctrl+c' to generate 24-bitsrasterimageoutputto theclipboard.

Compiling on Windows
The applicationhasbeencompiledon MS .NET 2003usingCGAL. Apply thefollowing stepsto compile
thedemo:

Installthelastreleaseof CGAL.

De ne an environmentvariable CGALROOT with the pathto the CGAL folder. If you installed
CGAL with thestandardvizardinstallation,the CGALROOQOT variablewasde ned atthattime.

Compile the CGAL library in multithread mode. Go in CGALROOQT/src directory and open
the cgallib project. Openfrom the main menu, Project Properties. Go to C/C++, Code Gen-
eration, Runtime Library and chooseMulti-threadedDebug (/MTd). Go to Librarian, General,
Output File and modify to ../lib/msvc7/CGALMT _DEBUG.LIB. If you want to build in release
mode, chooseat the Project PropertiesCon guration Release,and do the samestepsas before
but at the Runtime Library you chooseMulti-threaded(/MT) and in the output of Librarian put
./lib/msvc7/CGALMT _RELEASE.LIB.



To build dehug andreleasemode,you needto choosethe modein the main menuBuild at the Con-
guration manager

Openthe Meshprojectin thetutorial/Polyhedron/MFC/Subdsion/ directory Choose€rom the Con-
guration managethe mode(releaseor dehug) you wantto build your applicationandthengoto the
next step.

Retuild all.
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