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Abstract

We give anoverview of thetutorial for theCGAL::
Polyhedron 3 and its use in subdivision algo-
rithms. The full tutorial and the accompanying
sourcecodeareavailableat http://www.cgal.
org/Tutorials/Polyhedron/ .

Intr oduction

Polyhedrondatastructuresbasedon the conceptof
halfedgeshave beenvery successfulfor the design
of generalalgorithmson meshes. Commonprac-
tice is to develop suchdatastructurefrom scratch,
sinceclearlya �rst implementationis at the level of
a studentshomework assignment.But then, these
datastructuresconsistalmostentirelyof pointersfor
all sortof incidenceinformations.Maintainingthem
consistentlyduringmeshoperationsis notanymorea
trivial linked-listupdateoperation.So,moving from
a studentsexerciseto a reliableresearchimplemen-
tation, includingmaintainingandoptimizing it, is a
respectablesoftwaretask.

What is commonpracticefor simple datastruc-
tures,suchaslinked lists, shouldbe commonprac-
tice evenmoreso for meshdatastructures,namely,
to usea good, �e xible, andef�cient library imple-
mentation.In C++ theStandard TemplateLibrary,
STL, is anexcellentaddressfor our analogexample
of the linked lists [Aus99], andwe arguein the full
tutorial that the Polyhedrondatastructurein CGAL

is sucha �e xible meshdatastructure[Ket99], and
it comeswith a rich andversatileinfrastructurefor
meshalgorithms.CGAL, theComputationalGeom-
etry AlgorithmsLibrary, is a C++ library available
from www.cgal.org [FGK+ 00].

We strongly believe that sucha tutorial with its
wealthof informationwill give a headstart to new
researchesandimplementationsof meshalgorithms.
We alsobelieve that it will raisethe quality of im-
plementations.Firstly, it encouragestheuseof well
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Figure1 – Thepolyhedron viewer running on Win-
dows. A coarse polygonmeshis subdividedusing
thequad-trianglesubdivisionscheme.

testedandover time maturedimplementations,e.g.,
CGAL::Polyhedron 3 in its currentdesignis about
� ve yearspublicly releasedandused. Secondly, it
documentsgood implementationchoices,e.g., the
example programscan be usedas starting points
for evolutionary software development. Thirdly, it
offers easyaccessto additional functionality, such
as the ef�cient self intersectiontest, that otherwise
couldbeexpandablein a researchprototype.

The tutorial is organizedaroundsubdivision sur-
faces in a polyhedron viewer. The polyhedron
viewer (Figure 1) demonstratesthe basicfunction-
alities of the CGAL::Polyhedron 3 andsomeex-
tended functionalities such as �le I/O, mesh su-
perimposition,and trackballmanipulation. Several
subdivision surfacesare supportedin the polyhe-
dron viewer, including Catmull-Clark,Loop, Doo-
Sabin,

p
3 and Quad-Triangle subdivisions. The

tutorial shows how to implementsubdivision sur-
faces in two different mechanismsprovided by
CGAL::Polyhedron 3: Euler operators andmod-
i�er callback mechanism. A

p
3 subdivision im-

plementationis designedbasedon the Euler oper-
ators and a Quad-Triangle subdivision implemen-



tation is designedbasedon overloadingthe modi-
�er . Extendedfrom the previous design,a combi-
natorial subdivisionlibrary (CSL) is thenproposed
with increasedsophisticationandabstraction.CSL
abstractsthe geometryoperationsfrom the re�ne-
ments. Subdivisions in CSL arebuild from re�ne-
ment host with a templategeometrypolicy. Sev-
eral fundamentalre�nement schemesare provided
within CSL. They are instantiatedwith a geometry
policy thatcanbeuserde�ned.

The goal of this tutorial is to show how to use
CGAL::Polyhedron 3 on basicgraphicsfunction-
alities, such as rendering and interactive track-
ball manipulation,and how to designand imple-
ment algorithmsaroundmeshes.Sinceconnectiv-
ity and geometryoperationsare the primal imple-
mentationcomponentsin meshalgorithms,subdivi-
sionsarechosento demonstrateboth operationson
CGAL::Polyhedron 3. Readersintendedto design
andimplementmeshalgorithmsotherthansubdivi-
sionswill alsobebene�tedfrom thetutorial.

Intended Audience

Theintendedaudienceof thetutorialareresearchers,
developersor studentsdevelopingalgorithmsaround
polyhedronmeshes.Knowledgeof thehalfedgedata
structureand subdivisions are prerequisites.Short
introductionsof thesetwo topicsaregivenin thetu-
torial. Thetutorialassumesfamiliarity with theC++
templatemechanismandthekey conceptsof generic
programming[Aus99].

CGAL Polyhedr on

CGAL Polyhedron(CGAL::Polyhedron 3) is re-
alized as a containerclassthat managesgeometry
items such as vertices,halfedges,and facetswith
their incidences.CGAL::Polyhedron 3 haschosen
the halfedgedatastructureas the underlyingcon-
nectivity structure. In the halfedgedatastructure,
a halfedgeis associatedwith a facetandstoresthe
adjacency pointersto it previous,next andopposite
halfedge(Figure2). Thedetailsof thehalfedgedata
structureandtheCGAL::Polyhedron 3 basedon it
aredescribedin [Ket99].

Figure2 – Onehalfedge andits incidentprimitives.
Thenext halfedge, theoppositehalfedge, andthein-
cidentvertex aremandatory, theremainingelements
areoptional.

What are the potentialobstaclesin using CGAL
andCGAL::Polyhedron 3?

1. Is it fast enough? Yes. CGAL, coming from
the �eld of ComputationalGeometry, might
have a reputationof using slow exact arith-
metic to be on the safeside, but nonetheless,
we know whereto apply the right techniques
of exact arithmeticto gain robustnessand yet
not to looseef�ciency. In addition,CGAL uses
generic programmingand compile-timepoly-
morphismto realize�e xibility withoutaffecting
optimalruntime.

2. Is it smallenough?Yes. CGAL::Polyhedron
3 canbe tailoredto storeexactly the required
incidencesand other requireddata, not more
andnot less.

3. Is it �e xible enough? Yes, certainly within
its designspaceof oriented2-manifoldmeshes
with boundarythatwassuf�cient for therange
of applicationsillustrated with our example
programs.

4. Is it easyenoughto use? Yes. The full tuto-
rial with its exampleprogramsareexactly the
startingpointfor usingCGAL::Polyhedron 3.
Theexampleprogramsareshortandeasyto un-
derstand.Thereis certainlya learningcurve for
masteringC++ to the level of usingtemplates,
but it hasto beemphasizedthatusingtemplates
is fareasierthendevelopingtemplatedcode.

5. What is the license,canI useit? Yes,we hope
so.CGAL sincerelease3.0andour tutorialpro-
gramshaveopensourcelicenses.Otheroptions
areavailable.

Subdivision Surfaces

A subdivision algorithm recursively appliesre�ne-
mentandgeometrysmoothingon the control mesh
(Figure5, 6), andapproximatesthe limit surfaceof
the control mesh. Several re�nement schemesin
practiceare illustratedin Figure3. The stencilsof
thegeometrysmoothingaredependingonthere�ne-
mentschemes,i.e. thereparameterizations.A stencil
de�nesacontrolsubmeshthatis associatedwith nor-
malizedweightsof thenodes.Figure4 demonstrates
the stencilsof the PQQ schemein Catmull-Clark
subdivision [CC78] andDQQ schemein Doo-Sabin
subdivision [DS78]. We also demonstrateLoop
[Loo94],

p
3 [Kob00] and Quad-Triangle [SL03]

subdivisionsin this tutorial. For furtherdetailsabout
subdivisions, readersshould refer to [WW02] and
[ZS00].
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Figure3 – Examplesof re�nementschemes:primal
quadrilateral quadrisection(PQQ),primal triangle
quadrisection(PTQ),dual quadrilateral quadrisec-
tion (DQQ) and

p
3 triangulation. The control

meshesareshownin the�r st row.

Tutorial Outlines

Polyhedr on Viewer

The tutorial starts with an implementation
of a basic polyhedron viewer based on the
CGAL::Polyhedron 3 with the default con�g-
uration. This basic viewer demonstratesbasic
functionalities of a CGAL::Polyhedron 3. We
describehow to import a polyhedron�le in theOFF
format basedon the modi�er callback mechanism
andtheincrementalbuilder. Wealsoshow themesh
traversalbasedon the iterators and the circulators
for renderingandtheOFF�le exporting.

An extendedpolyhedronviewer is thenintroduced
by customizingthe Polyhedron 3 with extra at-
tributesand functionalities. This enrichedpolyhe-
dron supportsfacetand vertex normalsfor render-
ing, supportsthe axis-alignedboundingbox of the
polyhedron,and provides geometryitems special-
izedwith algorithmic�ags. Thesuperimpositionof
thecontrolmeshon thesubdivision surfacesareim-
plementedwith the�ags of thehalfedgeitems(Fig-
ure6).

The tutorial also featuresa trackball to interac-
tively manipulatethe polyhedron,a snapshotfunc-
tion of thecameraviewpoint andthetransformation
states,arasteroutputto theclipboard,andthevecto-
rial outputto apostscript�le.

Subdivision Algorithms

Thesecondpartof thetutorial focuseson thedesign
andtheimplementationof

p
3 subdivision(Figure5)

andQuad-Trianglesubdivision (Figure6).
In addition to its importance in the surface

modeling, we choose subdivision algorithms to
demonstrateboththeconnectivityoperation (re�ne-
ment)andthe geometryoperation (smoothing)of a
CGAL::Polyhedron 3. Thesetwo operationsare
theprimaryimplementationcomponentsrequiredby
algorithmsonpolyhedronmeshes.Readersintended
to designandimplementmeshalgorithmsotherthan
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Figure4 – Thestencil(top blue)andits vertex (bot-
tom red) in Catmull-Clark subdivision (a-c) and
Doo-Sabinsubdivision(d). Catmull-Clarksubdivi-
sionhasthreestencils:facet-stencil(a), edge-stencil
(b)andvertex-stencil(c). Doo-Sabinsubdivisionhas
only corner-stencil (d). Thestencilweightsare not
shown.

subdivisions will also be bene�ted from the tech-
niquesweproposedhere.

The key to implementa subdivision algorithm is
to ef�ciently supportthere�nement,i.e. theconnec-
tivity modi�cations. Two approachesareintroduced
to supportthe re�nement: the Euler operators (op-
eratorscheme)andthemodi�er callback mechanism
(modi�er scheme).The operatorschemerecon�g-
urestheconnectivity with acombinationof Eulerop-
erators.

p
3 subdivision [Kob00] is usedto demon-

stratethis scheme.We alsocompareour implemen-
tation with the

p
3 subdivision provided in Open-

Meshlibrary.
Thoughsimpleandef�cient in somere�nements,

e.g.
p

3 subdivision, the correct combination of
the operatorsis hard to �nd for somere�nements,
e.g. Doo-Sabinsubdivision [DS78]. The modi�er
schemesolvesthe problemby letting the program-
merscreatetheir own combinatorialoperatorsusing
the polyhedronincrementalbuilder. Quad-Triangle
subdivision [SL03, Lev03] is usedto demonstrate
thisscheme.

Combinatorial Subdivision Librar y

TheCombinatorialSubdivisionLibrary (CSL) is de-
signedbasedon the policy-baseddesign[Ale01].
The policy-baseddesignassemblesa class(called
host) with complex behavior out of many small be-
haviors (called policies). Each policy de�nes an
interface for a speci�c behavior. CSL proposesa
genericsubdivisionsolutionasare�nementfunction
parameterizedwith the geometrysmoothingrules.
Subdivisions in CSL are build as propercombina-
tions of the re�nement functionsand the geometry
policy classes.The re�nement function re�nes the
controlmesh,maintainsthecorrespondencebetween
the control meshandre�ned mesh,andappliesthe
smoothing stencils provided by the policy class.
For example,Catmull-Clarksubdivision [CC78] is
structuredas a quadralizationfunction parameter-



Figure5 –
p

3 subdivisionof themannequinmesh.

izedwith theCatmull-Clarksmoothingrules.
voi d Cat mul l Cl ar k subdi v i si on ( Pol yhedron& p ) f

quadr al i ze pol y hedr on
< Cat mul l Cl ar k r ul e< Pol yhedron> > (p ) ;

g
c l ass Cat mul l Cl ar k r ul e f
pub l i c :

voi d f acet r u l e ( Facet handl e f acet , Poi nt & pt ) ;
voi d edge r ul e ( H al f edge handl e edge , Poi nt & pt ) ;
voi d v er t ex r u l e ( V er t ex handl e ver t ex , Poi nt & pt ) ;

g ;

The quadralize polyhedron<>() is the host
function re�ning the input mesh and the Cat-
mullClark rule is the policy classapplying the
Catmull-Clark stencils. The re�nement functions
are implementedbasedon the Euler operationsor
the modi�er callbackmechanism. The re�nement
functionsalsomaintainthecorrespondencewith the
stencil, i.e., the submeshcenteredaroundthe given
facet,edge,or vertex, andthesmoothingpoint. The
smoothingpoint is calculatedby calling thepolicies,
e.g.,the facet rule() , theedge rule() , andthe
vertex rule() respectively. Inside a policy, ap-
plying thestencilis simpli�ed to themeshtraversal
of a1-ringneighborhoodwhichcanbedonewith the
circulators.Following exampleillustratesthepolicy
of thefacet-stencilin Catmull-Clarksubdivision.
voi d f acet r u l e ( Facet handl e f acet , Poi nt & poi nt ) f

H al f edge ar ound f acet c i r cu l at o r hc i r
= f acet � > f acet beg i n ( ) ;

V ector vec = hci r � > v er t ex ()� > poi nt ( ) � ORIGIN ;
++ hci r ;
do f

vec = vec + hci r � > v er t ex ()� > poi nt ( ) ;
g wh i l e (++ hc i r ! = f acet � > f acet beg i n ( ) ) ;
poi nt = ORIGIN + vec / c i r c u l at o r si z e ( hc i r ) ;

g

This policy-basedapproachoffers a convenient
way to specializea subdivision with the template
smoothingrules. CSL currently supportsCatmull-
Clark, Loop, Doo-Sabin,

p
3 and Quad-Triangle

subdivisions. Thoughdemonstratedwith a speci�c
enrichedPolyhedron 3 in our polyhedronviewer,
CSL acceptsany polyhedronmeshspecializedfrom
the Polyhedron 3 with the Point type de�ned in

Figure6 – Quad-Triangle subdivisionof the rhom-
bicuboctahedron mesh.

thevertex.
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